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ABSTRACT

In order for an electrical network to be printed on a flat surface without changing
the network’s input or output, it is important to consider if any wires will cross and
if this problem can be avoided. If a circular network can be printed so that no wires
cross, the network is said to be circular planar. In this paper, we identify a number
of wiring patterns that make circular planarity impossible. We find exactly 3 wiring
patterns using circular pairs with sets of two nodes, and we find exactly 78 wiring

patterns using circular pairs with sets of three nodes.
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CHAPTER I

INTRODUCTION

Electrical networks with inputs and outputs seem to be everywhere in the
modern world. From tiny integrated circuits in smartphones to large regional power
grids, they vary greatly in size and application.

In some cases, an electrical network can be represented mathematically as a
circular graph, or circular network, where wires are represented by edges and various
components are represented by nodes. Edge weights represent the conductance of the
wire, and if the wire has no conductance, the edge is not drawn. Figure 1.1 illustrates
an example of a circular network.

In some contexts, one may want to know if such an electrical network can
be printed on a flat surface without changing the input or output of the network. In
order for a network to be printed in this way, it is important to consider if any wires
will cross and if this problem can be avoided. If the circular network can be printed
so that no wires cross, the network is said to be circular planar. In this paper, we
identify a number of wiring patterns that make this task impossible.

We reference the work of Curtis and Morrow in their book, Inverse Problems
for Electrical Networks. In it, they discuss solutions to the problem of reconstructing

an electrical network given its response matrix, M, and its boundary nodes. We



Figure 1.1: Circular network N, an electrical network, contains twelve boundary
nodes, labeled 1 through 12, and two interior nodes, labeled 13 and 14. Wires are

labeled with their conductances.

also reference the work of Dorfler and Bullo in “Kron Reduction of Graphs with
Applications to Electrical Networks”, in which they discuss the usefulness of applying

the Kron reduction method to this area.



CHAPTER II

PRELIMINARIES

The following terms are defined in the book Inverse Problems For Electrical

Networks by Curtis and Morrow [1].

2.1 Circular Network

A circular network consists of a collection of ordered nodes with connecting
edges. Some nodes are arranged on a circle defined as a boundary, and are called
boundary nodes; the rest are called interior nodes. Edges have values associated with
them. In an electrical network, an edge value represents a wire’s conductance and
will be positive (or zero, if there is no conductance on the wire). In the event that

an edge value is zero, we will not draw that edge. Figure 1.1 shows an example.

2.2 Laplacian Matrix

Let N be a circular network with m nodes. The Laplacian matrix, L(N), is an

m X m symmetric matrix as follows:

e Off-diagonal entry L;; is the conductance of the edge [i,j] or 0 if there is no

edge between nodes ¢ and j.



e Diagonal entry L;; is the negative value which makes the row and column both
sum to zero, that is, L;; is the negative of the sum of conductances of the edges

adjacent to node 1.

2.3 Response Matrix

Let N be a circular network with m nodes and n boundary nodes. The Response

matrix, M(N), is an n x n matrix defined as

M =A-BC'B"

where:

e A is the n x n submatrix corresponding to the boundary nodes,

e B is the n x (m — n) submatrix corresponding to edges between the boundary

nodes and the interior nodes, and
e (' is the (m —n) x (m —n) submatrix corresponding to the interior nodes.

Note that if N has no interior nodes, then L(N) = M(N).

2.4 Network Equivalence

Let N and N’ be circular networks. If M(N) = M(N’), then the two networks
are said to be equivalent. This is denoted as N = N’ and is easily seen to be an

equivalence relation.



2.4.1 Example

Let N be a circular network with four boundary nodes and no interior nodes,

and let V' be a circular network with four boundary nodes and one interior node, as

shown in Figure 2.1.

Figure 2.1: Network N with four nodes and conductances of 1, and Network N’ with

fives nodes and conductances of 4.

Then we have:

Thus, the response matrix is easily obtained for N. Turning to N’, we first



find the Laplacian matrix:

4 0 0 0 4
/ 0 -4 0 0 4| /4
M(N') = - (E) [4 4 4 4]
0 0 —4 0 4

Therefore,

-3 1 1 1

1 -3 1 1
M(N') =

1 1 -3 1

Thus, we can observe that M(N) = M(N') and the two networks are equiv-
alent. It is interesting to note that N’ does not have any edges crossing and visually

appears to be planar. However, N does have edges that cross and visually appears
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to be nonplanar. Without finding the response matrices, one could not predict that

these two networks are equivalent.

2.5 Circular Planar

For an equivalence class of circular networks, if any representative circular net-
work can be drawn inside the boundary circle with no edges crossing, the equivalence

class of circular networks is said to be circular planar.

2.6 Circular Pair

A circular pair is a pair of ordered lists of boundary nodes of network N

<p17p27 -y Pk 41, 42, an)

such that combining the two lists as

<p17p27 -y Pk 4k, ---’Q27Q1)

produces a list that respects the circular order, i.e., goes around the circle in a clock-

wise direction only once. We denote [py, pa, ..., px] as P and [q1, g2, ..., qx] as Q.

2.6.1 Example

In Figure 2.2, N is a circular network with twelve boundary nodes. At left is the

original network, and at right, we have selected the circular pair (2, 3,6, 7;1, 12,11, 10).



Figure 2.2: Circular Network N with a circular pair of size k = 4 selected. For clarity,

each set of nodes in the pair is circled with a dashed line.

2.7 Circular Minor

The circular submatrix for pair (P; Q) is the submatrix of M(N) using rows
D1, ..., Pk and columns ¢y, ..., qx, in that order. The circular minor for (P;Q) is the

determinant of that submatrix.

2.7.1 Example
In Figure 2.2, with circular pair (2,3,6,7;1,12,11,10), the corresponding

circular submatrix is:



Then the circular minor for this circular pair is the determinant of this matrix,

which is zero.

Theorem 2.7.1 A response matriz M(N) for an electrical network N has all non-

negative circular minors if and only if N is circular planar [2].

2.8 Bipartite Graph

A graph N is said to be bipartite if the set of nodes V' may be partitioned into
two subsets X and Y such that each edge of N contains one node in X and one node

in Y. Figure 2.3 shows an example of a bipartite network.

2.9 Complete Bipartite Graph

A bipartite graph in which every node of one subset shares an edge with
every node of the other subset is said to be a complete bipartite graph. A complete

bipartite graph is notated as K, s, where one subset contains r nodes and the other



Figure 2.3: In this bipartite network, nodes 2, 3, and 4 share edges only with nodes

1,5,6, and 7.

subset contains s nodes. Figure 2.4 shows an example of a complete bipartite network.

2.10 Kron Reduction of a Network

The Kron reduction of a circular network N is a network K (N) whose Laplacian
matrix is M(N). Therefore, K(N) = N and in fact, K (V) is the only member of
the equivalence class of N that has no interior nodes. To construct K (N), use the
boundary nodes from NN, but remove the interior nodes. Place an edge between two

boundary nodes if there is a path between them that does not include any other

10



Figure 2.4: K34

boundary nodes. Edge conductances can be obtained from M (N) [3]. In Figure 2.1,

N = K(N).

11



CHAPTER III

OBSTRUCTIONS TO PLANARITY

We now consider circular networks where equivalence to circular planarity is
impossible. Recall that a network is circular planar if and only if all circular minors
are nonnegative. Thus, a network is circular non-planar if there exists a negative
circular minor associated with that network. If applied to electrical networks, a
network calculated to be circular non-planar would be impossible to construct in two
dimensions without wires in the network crossing. We will identify some of these
obstructive wiring patterns.

Recall that the Kron reduction of any circular network can be found, and
the Kron reduction of a network is equivalent to the network (that is, their response
matrices are equal). Because of this, when looking for obstructions to planarity, we
will consider only the Kron reductions of networks. We can consider networks with
no interior nodes and be assured that our results would apply to their equivalent
networks containing interior nodes. When considering a circular network N with

no interior nodes in the calculations that follow, the process is made easier since

12



3.1 Circular Pairs of Size k=1

Trivially, we can consider the case where only one node is chosen for P and one
node is chosen for @) from a circular network N. Then, there is only one element in
the submatrix of M (), representing the conductance of the edge between the two
nodes (or 0 if there is no edge there). Since we have a matrix containing only one
element and the element is greater than or equal to 0, the determinant is nonnegative.
Thus, the circular minor could never be negative, and we cannot find an obstructive

wiring configuration.

3.2 Circular Pairs of Size k=2

Next, let us consider the case where the circular pair contains sets of two nodes.
Suppose we have a circular network N containing four or more boundary nodes. Let
us consider a complete graph with four nodes as shown in Figure 3.1. Let us select

a circular pair (P; Q) of size k = 2. Let us arbitrarily select the circular pair to be

a b

(2,3;1,4). Then the resulting circular submatrix is )
c d

Calculating the determinant of this matrix yields the expression ad — be, and
we seek to make this expression negative for all positive edge values. There are three
ways to guarantee that this expression is always negative: a =0, d =0, or a = d = 0.
Thus, there are three configurations that give a negative circular minor.

Note that the edge between node 2 and node 3 and the edge between node 1

and node 4, with conductances of f and e, respectively, have no effect on the circular

13



Figure 3.1: A complete circular network with four nodes and circular pair selected.

Edge conductance values are indicated by variables a through f.

minor calculation, since only edge values for edges from a node in one set to a node
in the other set are used to form the circular submatrix. Therefore, we can limit our
focus to the complete bipartite network such that the circular pair gives the partition
of the nodes, which we will call Nyo. This is network shown in Figure 3.2.

With the unnecessary edges omitted, our three configurations are subnet-
works of N 5. We will refer to these as “obstructive networks” and display them in
Figure 3.3. Notice that the first and third pictures are reflections of one another, so

there are two unique obstructive networks up to reflection.

Definition 3.2.1 A pair-induced subnetwork of a metwork N for a circular pair
(P;Q) of nodes is the subnetwork induced by (P;Q), minus edges that have both

endpoints in P or both in Q).

14



Figure 3.2: Ny 2 where edges are assigned variable conductances.

Figure 3.3: The three obstructive networks with circular pair of size k=2.

15



From this definition and the preceding discussion, we can conclude the fol-

lowing theorem.

Theorem 3.2.2 These 3 obstructive networks in Figure 3.3 are the only subnetworks
of Nao that are not circular planar for all positive conductance values of their edges.
In fact, for any size network N, if there exists a pair-induced subnetwork of N (with
nodes renumbered to match the pair (2,3;1,4)) that is equivalent to one of these 3

obstructive networks, then N is not circular planar.

3.3 Circular Pairs of Size k=3

Let us now consider circular pairs containing sets of three nodes. As in the case
of circular pairs of size k = 2, we will limit our consideration to a complete bipartite
circular network, this time with six nodes which we will label as 1 through 6. Let
us call this network N33 and label the nodes as shown in Figure 3.4. We arbitrarily
select a circular pair to be the two sets of three nodes that are the partition of the
nodes, i.e., (2,3,4;1,6,5). We seek to find subnetworks of V5 3 such that the circular
minor is negative for all conductances. We refer to these as “obstructive networks”.

To begin, we assign variables a through ¢ for the conductances of the nine

edges, as shown in Figure 3.5.

16



Figure 3.4: N33 is a complete bipartite circular network with six nodes.

Then the resulting circular submatrix will be:

a b c
d e f
g h i

The circular minor is equal to the determinant of this matrix, and we seek

to make it negative. This can be expressed as:

aei +bfg+ cdh — (afh + bdi 4+ ceg) <0

We seek to make this expression true for all conductance values. Thus, each
variable a through i could either equal 0 (in which case, the wire is omitted), or be
any positive value. Careful calculation by hand reveals 78 unique solutions. By first

17



Figure 3.5: N33 where edges are assigned variable conductances.

selecting subsets of a...i with three variables as the only positives- [a, f, h], [b, d, ], and
[c, e, g]- and setting all other variables equal to 0, we find the three subnetworks with
the fewest edges. We can strategically add to each of these subsets to find additional
subnetworks.

To verify that no additional subsets were missed, we note that if the determi-
nant is negative for all positive values of the conductances in one such subset, then it
is negative when those same conductances are all 1 (and the others still 0). Thus, let
us assume that the conductance of a wire can only have a value of 1, and otherwise
the variable will be equal to 0. This can be calculated using Microsoft Excel, where
all 512 possible combinations of zeros and ones for a...: are listed and the determinant
is calculated for each.

Appendix A displays these results, where 87 cases are found to have a negative

18



Figure 3.6: Some of the 78 possible obstructive networks which are subgraphs of Nj 3.

determinant. Of these 87 cases, 9 do not guarantee the determinant is negative for
all positive values. Removing these cases, we are left with our 78 cases. We can then
draw the obstructive network corresponding to each case. Several of these are shown
in Figure 3.6.

It is notable that each of the 78 obstructive networks contains at least one of
the obstructive networks in Figure 3.3. For example, obstructive network D in Figure
3.6 contains two of these obstructive networks. This is illustrated in Figure 3.7.

It is also important to note that some of these 78 networks are reflections of

19



Figure 3.7: An obstructive network containing two smaller obstructive subnetworks.

one another. We consider only the reflections of a network through the line which
divides the nodes into the two parts 2, 3,4 and 1, 6, 5, or the line which passes through
nodes 3 and 6. Algebraically, this occurs by reflecting the elements of the associated
matrix across the main diagonal of the matrix, or by interchanging rows 1 and 3
and interchanging columns 1 and 3. Both of these algebraic methods preserve the
determinant of the matrix.

In considering these particular reflections, we find that each network contains
either zero, one, or two symmetries. For example, obstructive networks B and D in
Figure 3.6 are reflections of one another across the line that passes through nodes 3
and 6. On the other hand, networks A and F already contain two symmetries.

When classifying the obstructive networks based on their number of symme-
tries, we find that there are two that contain two symmetries, twelve that contain one

symmetry, and thirteen that contain no symmetries. Therefore, there are 27 unique

20



networks up to reflection. These are displayed in Appendix B. Each of the thirteen
networks with no symmetries can be reflected twice to generate four total networks,
and each of the twelve networks with one symmetry can be reflected once to generate
two total networks. Adding to this the two networks with two symmetries, we can
obtain all 78 obstructive networks from these 27.

Our findings can be summarized as follows in Theorem 3.3.1.

Theorem 3.3.1 These 78 obstructive networks are the only subnetworks of N3 5 that
are not circular planar for all positive conductance values of their edges. In fact,
for any size network N, if there exists a pair-induced subnetwork of N (with nodes
renumbered to match the pair (2,3,4;1,6,5)) that is equivalent to one of these 78

obstructive networks, then N 1is not circular planar.

Theorem 3.3.2 Let N be a network of any size. If a pair-induced subnetwork of N
(with nodes renumbered to match the pair (2,3,4;1,6,5)) is equivalent to one of these
78 obstructive networks, then there is a size k = 2 circular pair (R;S) such that the
pair-induced subnetwork of N (with nodes renumbered to match the pair (2,3;1,4))

15 equivalent to one of the three obstructive networks in Theorem 3.2.2.

This theorem can be verified by inspecting the pictures in Appendix B. The

converse of this theorem is not true, as demonstrated in the following example.

3.3.1 Example

Let us consider obstructive network F' from Figure 3.6. Notice that this

network contains at least one of the obstructive networks from Theorem 3.2.2. Now

21



Figure 3.8: Two networks each containing a k = 2 obstructive network from Theorem

3.2.2.

let us consider another subnetwork of Nj 3 that is very similar to F' and call this new
network . These two networks are shown in Figure 3.8.

Observe that the only difference between the two networks is the presence of
the edge with conductance g in network GG. Notice that, like F'; G' also contains at
least one of the obstructive network patterns in Theorem 3.2.2. However, if we select
the circular pair (2,3,4;1,6,5) and find the determinant for the associated circular

minor, we have:

a b 0
d 0 f| = bfg—(afh+bdi)
g h 1

22



This determinant is not guaranteed to be negative for all conductance values.

Thus, it is not equivalent to one of the 78 networks from Theorem 3.3.1.

23



CHAPTER IV

AREAS FOR FURTHER EXPLORATION

The results presented in the previous chapter raise additional questions for
further research. While we identified obstructive networks by using circular pairs of
size k =1, k = 2, and k = 3, this process could be extended to circular pairs of larger
sizes to find additional obstructive networks with more boundary nodes.

Also, Theorem 3.3.2 leads to the question of whether the 78 obstructive net-
works from Theorem 3.3.1 are also induced subgraphs of obstructive networks found
using circular pairs of size k = 4. Do obstructive networks with more nodes always
include obstructive networks with fewer nodes as induced subgraphs, as specified in
Theorem 3.3.27 What similarities can we observe across all obstructive networks?

A third topic to consider is that of the counts of the obstructive networks
for each circular pair size k. From our results in Chapter 3, we have the sequence
(0,3,78,...). This sequence is not found in the Online Encyclopedia of Integer Se-
quences (OEIS). Perhaps by calculating additional numbers in this sequence, a for-
mula could be obtained to find the count for any circular pair of size n. It is also
interesting to consider finding additional values for the sequence of unique obstructive
networks up to reflection, for which we have (0,2,27) so far. Further terms would

need to be calculated to determine if this sequence is found in the OEIS.

24



Also notable is that the count of (0,1) n x n matrices with nonzero de-
terminants is a hard unsolved problem. From Appendix A, this count is 174 for
3 x 3 matrices, with half being positive and half being negative. In the OEIS, Entry
A055165 gives the number of invertible n x n matrices with entries equal to 0 or 1
[4]. If a formula was found for the sequence (0, 3,78, ...), it would give a lower bound

for the the hard unsolved problem.
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APPENDIX A

EXCEL CALCULATIONS

The following consists of 512 rows of all possible combinations of zeros and
ones for nine variables, a through i. The combinations were obtained by converting
the number in the leftmost column to binary form. Then, each digit was extracted
into a separate column corresponding to a variable. Finally, the determinant was
calculated and negative determinants were flagged when substituting the values into

the following matrix:

a b c
d e f
g h i

28



Number  Binary
0 000000000
1 000000001
2 000000010
3 000000011
4 000000100
5 000000101
6 000000110
7 000000111
8 000001000
9 000001001

10 000001010
11 000001011
12 000001100
13 000001101
14 000001110
15 000001111
16 000010000
17 000010001
18 000010010
19 000010011
20 000010100
21 000010101
22 000010110
23 000010111
24 000011000
25 000011001
26 000011010
27 000011011
28 000011100
29 000011101
30 000011110
31 000011111
32 000100000
33 000100001
34 000100010
35 000100011
36 000100100
37 000100101
38 000100110
39 000100111
40 000101000
41 000101001
42 000101010
43 000101011
44 000101100
45 000101101
46 000101110
47 000101111

Determinant Negative Determinants
0

P PP PP PP RPRRPRPRPRRPRRPRRPRRPRPOOOOCOOOO0OO0O0COOOO0OO0OO0O0OO0O0OO0O0O0O0O0O0OO0OO0OO0OO0O 00O
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APPENDIX B

OBSTRUCTIVE NETWORKS UP TO REFLECTION FOR SECTION 3.3

This appendix provides pictures for each of the 27 unique obstructive networks,
up to reflection, that were found in Section 3.3. They are classified by their number

of symmetries.

Obstructive Networks Containing Two Symmetries
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Obstructive Networks Containing One Symmetry
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Obstructive Networks Containing No Symmetries
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